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Eshelby ensemble of highly viscous flow out of equilibrium
U. Buchenau∗
Forschungszentrum Ju¨lich GmbH, Ju¨lich Centre for Neutron Science (JCNS-1)
and Institute for Complex Systems (ICS-1), 52425 Ju¨lich, GERMANY
(Dated: April 28, 2019)
The recent description of the highly viscous flow in terms of irreversible structural Eshelby rear-
rangements is extended to calculate the heat capacity of a glass former at a constant cooling rate
through the glass transition. The result is compared to measured data from the literature, showing
that the explanation works both for polymers and other glass formers.
PACS numbers: 78.35.+c, 63.50.Lm
It is a generally acknowledged fact that the under-
cooled liquid falls out of the thermal equilibrium at the
glass transition temperature Tg, keeping its atomic struc-
ture. The glass transition is kinetic; the transition tem-
perature Tg is lower at a smaller cooling rate [1–6].
Below the glass temperature, the description of the
frozen glass on its slow way back to equilibrium requires
an additional parameter, the fictive temperature [7–9]
Tf , which is higher than the phonon temperature T and
characterizes the frozen state of the structural degrees of
freedom.
The main problem for our understanding of the glass
transition is that there is no detailed physical picture
of the structural relaxation. If one knows the physical
mechanism of a transition, it is straightforward to treat
non-equilibrium situations [10]. But this is not yet the
case for the glass transition.
An appealing candidate for a convincing physical
mechanism of the glass transition is the cooperative shear
transformation of an atomic cluster in Fig. 1, first pro-
posed as ”cooperative shear zone” to explain the temper-
ature dependence of the viscosity of metallic glass form-
ers [11]. The cooperative shear transformation leads to
a change of the elastic shear misfit of the cluster with
y
x
FIG. 1: Cooperative structural shear transformation of an
Eshelby region embedded in the supercooled liquid.
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respect to the surrounding viscoelastic matrix, tractable
in terms of the Eshelby theory [12].
Very recently, the distinction between reversible and ir-
reversible processes has been introduced into the Eshelby
shear transformation picture, with the irreversible pro-
cesses responsible for the viscous flow, and the reversible
ones responsible for the recoverable shear compliance J0
and the short-time Kohlrausch time dependence [13, 14].
The irreversible Eshelby mechanism of the highly vis-
cous flow [13] simplifies the real liquid to one composed of
domains which are large enough to undergo irreversible
structural Eshelby shear transitions. The size of these
atomic clusters seems to be about forty atoms in sim-
ple liquids and about twenty monomers in polymers (see
Supplemental Material). The Eshelby domains are char-
acterized exclusively by the elastic shear misfit energy e2
(in units of kBT ). All other energy contributions are ne-
glected. The size is measured by the number N of atoms,
molecules or monomers within the region. The terminal
relaxation time τc of the liquid, which marks the transi-
tion from reversible to irreversible Eshelby transitions, is
supposed to correspond to the size Nc.
In the simplest form of the Eshelby theory [12], the
shear misfit energy e2 is given by
e2 =
GNcVaǫ
2
4kBT
, (1)
where G is the short time shear modulus, Va is the vol-
ume of a single atom, molecule or monomer and ǫ is the
shear angle misfit between the Eshelby domain and the
viscoelastic surroundings.
Since there are five independent possible shears for
a given region, the space of possible e-states is five-
dimensional. A constant density of stable structures in
this five-dimensional e-space is assumed, together with
an energy barrier between them which depends only on
the size [15].
With these assumptions, the average shear misfit en-
ergy is e2 = 5/2 in the normalized distribution
p(e) =
1
π5/2
e4 exp(−e2). (2)
Regions with a strong elastic shear misfit have a shorter
lifetime than the weakly strained ones, because they de-
compose predominantly by down-jumps in energy, which
2have a higher rate than up-jumps (the jump rate from
the state e0 to e has the average factor exp((e
2
0
− e2)/2)
from the elastic misfit difference). The detailed calcu-
lation [13] yields the lifetime τe for the state with the
energy e2
τe = 4
√
2τc exp(−e2/2) (3)
and the viscosity η from the irreversible shear fluctua-
tions
η
G
=
1
8
τc. (4)
Translating p(e) into a distribution p(ln τ) for the life-
times in thermal equilibrium, one gets
p(ln τ) =
τ2
3
√
2πτ2c
(
ln
4
√
2τc
τ
)3/2
. (5)
In time, the resulting relaxation function is close to a
Kohlrausch function exp(−(t/τ)β) with τ = 1.783τc and
β = 0.824.
The strongest evidence for the validity of this irre-
versible Eshelby mechanism for the highly viscous flow
comes from the comparison of shear mechanical and
calorimetric data. Measurements of G(ω) provide G and
η, which allows to calculate τc from eq. (4) with reason-
able accuracy. With this τc, one finds a very satisfactory
description of calorimetric TMDSC (Temperature Modu-
lated Differential Scanning Calorimetry) thermal equilib-
rium data at the same temperature, using the relaxation
time distribution of eq. (5). It is a bit surprising that no
trace of the reversible processes is seen in the calorimetric
data, but it seems to be an experimental fact.
This was first shown [13] for PPE, a vacuum pump oil
consisting of five connected phenylene rings and later [14]
for a metallic glass, for glycerol and for propylene glycol.
The present paper will add more examples.
But the main question of the present paper is whether
the irreversible Eshelby mechanism is also able to de-
scribe the fall out of equilibrium at the glass transition.
The best measurements to test this are the pioneer-
ing calorimetric data of Hensel and Schick [16]. Hensel
and Schick did a systematic comparison of data in ther-
mal equilibrium with out-of-equilibrium data taken at a
constant cooling rate through the glass transition. This
was done for the two polymers polystyrene and polyether
ketone, the silicate glass 2SiO2-NaO, a commercial win-
dow glass DGG-STG1, and the ionic glass former CKN,
a mixture of potassium and calcium nitrate.
In their work [16], the equilibrium data are TMDSC
scans, measuring the real and imaginary parts c′p and
c′′p , respectively, at a given frequency ω as a function of
temperature. The non-equilibrium data are temperature
scans of cp(T, q) at a given cooling rate q.
The equilibrium data of Hensel and Schick are again
well described in terms of the irreversible Eshelby mech-
anism. Integrating over the distribution of eq. (5), one
finds the equilibrium c′′p(ω)-peak of a TMDSC scan at
constant frequency at the temperature Tα with
ωτc(Tα) = 0.533. (6)
substance B TV F ∆Texp ∆Tcalc
K K K K
polystyrene 1837 319 2.6±0.2 2.75
CKN 1594 291 3.0±0.3 2.46
2SiO2-NaO 8826 483 10.5±1.5 13.3
DGG-STG1 10161 532 14.0±1.5 15.4
polyether ketone 1627 378 2.0±0.2 2.46
TABLE I: Vogel-Fulcher parameters, mixing coefficient b
and a comparison of measured and calculated widths ∆T of
constant-frequency scans for the five substances of Hensel and
Schick [16].
One begins by the determination of the equilibrium-τc
from the TDMSC scans, using eq. (6). The equilibrium
values found in this way are fitted by a Vogel-Fulcher law
ln τc =
B
T − TV F
− 13 ln 10 (7)
corresponding to the Arrhenius barrier
Vc(T ) = BkBT/(T − TV F ). (8)
Having the two Vogel-Fulcher parameters B and TV F ,
one knows τc(T ) at all temperatures and can calculate
c′p(ω) and c
′′
p(ω) as a function of temperature for a given
frequency ω. The calculated data are found to be well de-
scribed by a gaussian with exponent (T−Tα(ω))2/2∆T 2,
the fit function used in the experiment [16].
Table I lists the two Vogel-Fulcher parameters and
compares calculated (frequency 0.1047 rad/s) and mea-
sured [16] widths ∆T .
To describe the non-equilibrium data, one has to con-
sider the Eshelby ensemble and its average fictive tem-
perature Tf for a given cooling rate q = ∂T/∂t in the
neighborhood of the temperature Tg(q), where the ex-
cess heat capacity ∆cp of the undercooled liquid over the
phonon heat capacity of the glass reaches half of its ther-
mal equilibrium value. At this temperature, T˙f = q/2.
The time development of the average fictive tempera-
ture follows from the differential equation
T˙f =
T − Tf
τc(Tf , T )
(9)
because τc was defined in reference [13] as the inverse of
the average decay rate.
Close to equilibrium, for T closely below Tf , the relax-
ation time τc(Tf , T ) of the Eshelby ensemble is given by
the Arrhenius relation
τc(Tf , T ) = τ0 exp(Vc(Tf)/kBT ), (10)
with the energy barrier Vc(Tf ), which can be determined
from eq. (8), and τ0 = 10
−13 s.
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FIG. 2: Out-of-equilibrium data (Tg(q) at q = 0.5 K/min)
and equilibrium data (Tα(ω) at ω = 0.1047 rad/s) from the
same polystyrene sample [16]. The figure demonstrates that
the irreversible Eshelby mechanism [13] is able to reproduce
the cooling curve with eq. (11) and TV F=217 K.
This simple scheme is good enough to calculate Tg(q)
for cooling scans, but fails when T leaves the neighbor-
hood of Tf . Remember that the Eshelby domain converts
from one equilibrated at Tf , containing Nc(Tf ) particles,
to one at equilibrium at T , containing Nc(T ) particles.
At lower temperatures, this means that the domain does
not only have to rearrange, but to increase as well. A de-
tailed treatment [17] of heating data in polystyrene [18]
shows that one can take this influence into account by
postulating a mixing coefficient b of the barriers at the
two temperatures
Vc(Tf , T ) = bVc(Tf ) + (1 − b)Vc(T ), (11)
with b = 2/3. Eq. (11) returns to eq. (8) when the two
temperatures are close together.
Replacing Vc(Tf ) by this Vc(Tf , T ) in eq. (10), one
gets the τc(Tf , T ) which one has to insert into eq. (9) to
calculate the time dependence of the average fictive tem-
perature at a constant cooling rate q = T˙ , beginning at
high temperature where the difference between Tf and T
is negligible. The differential equation is solved numeri-
cally for small temperature steps, integrating the expo-
nential decay over the corresponding time step with the
average τc between the two temperatures.
Fig. 2 compares measured [16] and calculated
curves, both in equilibrium and out of equilibrium,
for polystyrene, showing that the form of the mea-
sured curves is well described by the irreversible Eshelby
scheme, both in equilibrium and out of equilibrium. Out
of equilibrium, it is necessary to adapt TV F to the curve;
this is also seen in Fig. 3, where the point at q = 0.5
K/min lies two degrees K to the left of the calculated
curve.
Fig. 4 shows the result for CKN, including a compari-
son to four Tα(ω)-values calculated from a recent dynam-
ical shear measurement [19], which provided τc at four
temperatures via eq. (4). Similar agreement is found for
the two silicate glass formers and polyether ketone, as
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FIG. 3: Tg(q) and Tα(ω) for different cooling rates and fre-
quencies in polystyrene [16] calculated with the parameters
in Table I.
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FIG. 4: Tg(q) and Tα(ω) for different cooling rates and fre-
quencies in the ionic glass former CKN [16] (parameters see
Table I). Note the good agreement of the calorimetric Tα(ω)
with those calculated via equs. (4) and (6) from a recent
dynamical shear measurement [19].
shown in the Supplemental Material. In all these calcu-
lations, the condition
τ˙c = 1.54 (12)
was found to be fulfilled at Tg(q). This holds also if one
varies the mixing coefficient b in eq. (11).
The agreement between measured and calculated Tg(q)
in the five very different glass formers is achieved with
only one assumption: the validity of the Vogel-Fulcher
law, leading to eq. (8), proved in the past for countless
examples. Therefore the agreement is convincing evi-
dence for the validity of the irreversible Eshelby mecha-
nism of the highly viscous flow.
A second important consequence, already perceived in
preceding work [20–25], concerns the polymer case. Obvi-
ously, the calorimetric data see only the irreversible part
of the segmental relaxation and not the relaxation of the
whole polymer. This irreversible segmental relaxation is
well described by the irreversible Eshelby rearrangement
of a small region, in a polymer as well as in any other
glass former.
4After the segmental relaxation, the long polymer chain
is not yet relaxed, but relaxes further in the so-called
Rouse modes, leading to a polymer viscosity orders of
magnitude larger than the one calculated from eq. (4)
with the parameters in Table I.
The analysis of polystyrene mechanical data separat-
ing segmental relaxation and Rouse modes [20] arrives
at GJ0 ≈ 3.5 for the segmental relaxation. Indeed, the
condition GJ(ω) = 3.5 for polystyrene [21] lies close to
ωτc = 1, with τc calculated from the Vogel-Fulcher pa-
rameters in Table I (see Supplemental Material).
To conclude, the irreversible Eshelby mechanism seems
to be the adequate description of the highly viscous
flow. It provides a quantitative description of calori-
metric data, both in and out of thermal equilibrium.
For polymers, the results strengthen the conclusion that
the segmental relaxation has its own temperature depen-
dence and is due to the same elementary process as in all
other glass formers.
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